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The distortion of turbulence by a circular cylinder
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The flow of grid-generated turbulence past a circular eylinder is investigated using
hot-wire anemometry over a Reynolds number range from 4-25x 103 to 2-74 x 104
and a range of intensities from 0-025 to 0-062. Measurements of the mean velocity
distribution, and r.m.s. intensities and spectral energy densities of the turbulent
velocity fluctuations are presented for various radial and circumferential positions
relative to the cylinder, and for ratios of the cylinder radius a to the scale of the
incident turbulence L, ranging from 0-05 to 1-42. The influence of upstream conditions
on the flow in the cylinder wake and its associated induced velocity fluctuations is
discussed.

For all measurements, detailed comparison is made with the theoretical predictions
of Hunt (1973). We conclude the following.

(i) The amplification and reduction of the three components of turbulence (which
occur in different senses for the different components) can be explained qualitatively
in terms of the distortion by the mean flow of the turbulent vorticity and the ‘blocking’
or ‘source’ effect caused by turbulence impinging on the cylinder surface. The relative
importance of the first effect over the second increases as a/L_ increases or the distance
from the cylinder surface increases.

(ii) Over certain ranges of the variables involved, the measurements are in quanti-
tative agreement with the predictions of the asymptotic theory when a/L, < 1,
a/L, > 1or |kla > 1 (where k is the wavenumber).

(iii) The incident turbulence affects the gross properties of the flow in the cylinder
wake, but the associated velocity fluctuations are probably statistically independent
of those in the incident flow.

(iv) The dissipation of turbulent energy is greater in the straining flow near the
cylinder than in the approach flow. Some estimates for this effect are proposed.

1. Introduction

The fluid mechanics of turbulence impinging on a bluff obstacle has a number of
interesting aspects:

(i) the distortion of the turbulence by the mean flow, the distortions becoming very
large near the surface;

(ii) the interaction of the turbulence with the rigid surface of the obstacle;

t Also Department of Engineering.

0022-1120/79/4189-6400 $02.00 © 1979 Cambridge University Press



270 R. E. Britter, J. C. R. Hunt and J. C. Mumford

(iii) the effects of the turbulence on the obstacle’s boundary layer and its position
of separation;

(iv) the interaction of the turbulence with the unsteady separated flows in the
wake.

Some of these aspects are common to other turbulent flows. The first two are found
when a jet impinges normally on a surface, a special feature of this flow being that the
mean flow is rotational and the turbulence intensity very high (Gutmark, Wolfshtein
& Wygnanski 1978). The second is present when turbulence impinges on a thin plate
or a moving wall downstream of a grid (Hunt & Graham 1977). The first aspect also
occurs in the familiar distortion of turbulence in contractions (see Townsend 1976).
The unique feature of the turbulence around a bluff body is the simultaneous presence
of all four.

This paper presents measurements of the turbulence around a circular cylinder,
with particular emphasis on the distortion of turbulence from its upstream form, as a
function of the ratio of the scale of the incident turbulence (L,) to the radius of the
cylinder (a). Previous detailed studies of the distortion around bluff bodies have
concentrated on the stagnation line and have been restricted to a limited range of
a/L, (Sadeh, Sutera & Maeder 1970; Bearman 1972; Petty 1972). Detailed comparisons
are made throughout this paper between the measurements and the theoretical pre-
dictions of Hunt (1973, hereafter referred to as H). These are briefly reviewed in §2.
The measurements of the distribution of mean velocity and angles of separation of
the flow from the cylinder are presented in §4, and in § 5 the properties of the turbulence
are described.

The practical applications of this study to pressure fluctuations on bluff bodies and
to turbulent diffusion from sources near bluff bodies have been described elsewhere
(Hunt 1976; Britter, Hunt & Puttock 1976).

2. Theoretical considerations

Consider the flow of weak, and nominally homogeneous, isotropic turbulence around
a circular cylinder at high Reynolds number, i.e.

U KUy, oLy fv> 1, Usafv> 1,

where u,, and U,, are the upstream root-mean-square streamwise turbulent and mean
velocities, a is the cylinder radius, L, is the integral scale of the turbulence and v
is the kinematic viscosity. It is instructive to define the three flow regions depicted
in figure 1: the wake region W, the boundary layers on the cylinder B and the external
flow region E.

In a non-turbulent steady incident flow the wake flow is unsteady and induces a
weak, fluctuating, irrotational velocity ™ in the external region E. When the inci-
dent flow is turbulent, the problem arises of whether these self-induced velocity
fluctuations in E are significantly modified and, in particular, whether there is an
appreciable correlation between 4 and the velocity fluctuations 4™ in the incident
turbulence.

The spatial extent § of the boundary layer is small compared with the cylinder
radius and if we now impose the restriction that § € L, then the boundary layer can
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Fraure 1. The regions of flow near a bluff body and the relevant length scales of the body and
of the incident turbulence (frorm Hunt 1973).
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F1aure 2. The regions of vorticity distortion and source effect for flow near a bluff body.
Note the stretching and rotation of the vortex line element 4 B.
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be neglected (in its direct effect on the external flow region ). Thus, for the moment,
neglecting the boundary layer and ignoring the weak irrotational velocity fluctuations
#® induced by the wake, the turbulence in the region £ will be distorted by the mean
velocity field, distorted by the imposition of boundary conditions (no flow through the
cylinder surface), and will be subject to the normal turbulent-turbulent interactions
and energy dissipation processes.

If, in addition, the time scale L /u., for the nonlinear interactions between energy-
containing eddies (the ‘turnover’ time) is large compared with the time a /U, required
for fluid to flow round the obstacle, i.e. (uy/U,)(a/L,) < 1, then the turbulence is
primarily distorted by the mean velocity field before it can be modified significantly
by nonlinear interactions, i.e. it is subjected to a ‘rapid distortion’.

With these assumptions the movement of vortex elements will be described by the
movement of line elements and, with a known field of mean velocity, the movement
of line elements is also known. The field of mean velocity will stretch and rotate
vortex lines (see figure 2), altering the distribution of turbulent vorticity and thus
changing the turbulent velocities. This stretching and rotating of vortex lines will
take place over the distance in which the mean velocity field is significantly altered
by the bluff body, i.e. over a distance a few times the radius of the cylinder a.

The boundary condition that there should be no flow across the surface of the body
gives rise to a ‘blocking’ distortion of the turbulence by the body or a distribution of
imaginary sources on the body. This effect produces a change in the turbulence over a
distance comparable to the scale of turbulence L, or the cylinder radius a, whichever
is smaller.

In summary, when the ratio a/L_ is small the blocking mechanism will be dominant
and extend to a distance approximately L, from the cylinder; however when a/L, is
large the vorticity distortion is the dominant process out to a distance approximately
3a from the cylinder except that, within a distance L, from the body, blocking will
be comparable to vorticity distortion (see figure 2). One objective of this paper is to
quantify the terms ‘small’ and ‘large’, which the asymptotic results of H did not.

The previous arguments can be applied to the various wavenumber components in
the turbulence. For example, the three-dimensional spectrum of the longitudinal
component of turbulence on the stagnation line, when a/L, is such that there is little
variation in intensity as the cylinder is approached, should be attenuated at low
wavenumbers and amplified at higher wavenumbers.

3. Experimental apparatus

Experimental work was carried out in a 0-45 x 0-45 m wind tunnel in the Depart-
ment of Applied Mathematics and Theoretical Physics, University of Cambridge.
The mean and turbulent velocities were uniform over 0-4 x 0-4 m. With the aim of
producing a wide range of a/L,, planar square grids with various mesh sizes M
(1143 x 101 m, 5-08 x 10~2 m and 2-54 x 10~2m) and bar-to-mesh ratio 1: 4 were placed
after the 4: 1 contraction at the entrance to the working section. These grids produced
approximately homogeneous isotropic turbulence with the range of integral scales
and intensities summarized in Table 1 at downstream distances z; from the grids
corresponding to the cylinder locations used for most of the measurements reported
in the following sections. The integral scales L, were evaluated as the product of the
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M (m) /M u /U, ugfu; uyfu; L, (m)

0-114 15-6 0-062 0-84 0-85 ~ 0-060

0-0508 20 0-051 0-78 0-85 0-032

0-0254 40 0-025 0-88 0-88 0-015

0-0254 15 0-050 0-88 0-88 0-011

No grid — 0-001 — _— > 0-08
TasrLE 1

mean velocity U,, and the integral time scalest 7 of the longitudinal velocity compo-
nent. The intensity ratios of the turbulence components are also given in Table 1.
All experiments were carried out at an incident velocity of 10 m/s, which, with
cylinder radii of 3-18 x 103 m, 6-35 x 10-3 m and 2-06 x 102 m, gave cylinder Rey-
nolds numbers of 4:25 x 103, 8:5x 103 and 2-74 x 104, The measurements have not
been corrected for the effect of wind-tunnel blockage.
The vertical cylinders were rigidly fixed to the tunnel walls; for a few measurements
a splitter plate on the z; axis of length 4a was used. Disa constant-temperature
anemometers (type 55D01) and linearizers (type 55D10) were used. The single-wire
probes were of type 55P03 with the wire parallel to the axis of the cylinder. The X-
wire probes were of type 55P52. The probe holders were attached to the end of a
6 mm diameter stainless-steel rod which extended through a streamwise slot in the
top of the wind tunnel. The slot was sealed using two ‘wind-up’ steel tape-measures.
Outside the tunnel, the rod was clamped to a vertical traverse which was attached to a
streamwise traverse which was in turn attached to the top plate of the tunnel. Move-
ment in the third (transverse) direction was obtained by moving the entire top-plate
assembly transversely relative to the remainder of the tunnel working section. The
probe positions relative to the cylinder were determined to an accuracy of 0-25 mm.
The probe holder was introduced parallel to the axis of the cylinder for all measure-
ments other than the measurement of the axial velocity fluctuations on the stagnation
line, for which it was introduced laterally. The mean velocity and turbulence intensity
measurements were taken on-line, and the fluctuating velocity signals were recorded
on a Tandberg F.M. tape recorder with a frequency response of 0-2-5 kHz. These
signals were later digitized and recorded on magnetic tape using the PACE-ICL 1400
hybrid computer system of the University of Cambridge Control Engineering Group.
The digital tape was analysed on the University of Cambridge IBM 370/165 to
evaluate the probability density, autocorrelation and spectral energy density functions
of the velocity signals.
The decay of the u, component of turbulence behind the grids could be fitted by
either of the expressions
(w,/U.)2cc (2~ X,) (see Batchelor 1960), (3.1)
(w,/Us)"% oc (x,— X,)¥25 (see Comte-Bellot & Corrsin 1971), (3.2)

X, and X; being chosen for the best fit with the data (X,/M = 5-5, X,/ M = 3-0).

1 Using R(?) to denote the autocorrelation function of the longitudinal velocity component,
7 was taken to be t
f R(t) dt,
0

where ¢, is the smallest value of ¢ satisfying R() = 0. For a discussion of the arbitrariness and
errors in this procedure see Comte-Bellot & Corrsin (1971, appendix D).

10 FLM 02
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F1GURE 3 (a). For legend see next page.

The measured spectra of the longitudinal velocity fluctuations behind the grids
may be approximated by the von Kéarman expression (Bearman 1972)

Pua(Ry) = w11+ (1-34%,)2)-H, (3.3)
where
$11(K1) = Py1(n) ﬁw/47fuﬁo L,
and _
R, =«¥L, = 2nnL,/U,, (3.4)

as shown in figure 3(a).
The spectra of the lateral velocity fluctuations (figure 3b) do not show good agree-
ment with the formula derived from (3.3) by assuming isotropy, namely

1 {1+ (2-198,)%)

Pas, ss(ky) = o {-im——w (3.5)+

Defining L,, as the integral scale deduced from the lateral velocity spectra as §; - 0,
it is apparent that L /L, is an increasing function of the ratio of tunnel width to

1 This differs from equation (6.8) of H, which contains a misprint.
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Ficugre 3. (a) The spectrum $11(k1) of longitudinal velocity fluctuations. (b) The spectra $ﬂ(k1)
and ¢,,(R,) of lateral (solid symbols) and axial (open symbols) velocity fluctuations u, and u,.
. von Kdrmén. &, = 2anL,/U,.

®.0 [ | A v
M (cm) 11-3 5-0 2:5 2:5
z /M 156 20 40 15
L, (cm) 6-0 3-2 15 1-1

mesh size. This observation is supported by Jackson, Graham & Maull (1973), who
found L,/L, ~ 0-38 for a ratio of tunnel width to mesh size of approximately 7.

All spectra have been non-dimensionalized with the longitudinal integral scale.
Combinations of the three grids and the three cylinders gave a range of a/L_ from
0:05 to 1-88. It should be noted that &, is effectively a frequency, non-dimensionalized
with L, and U, throughout the flow. It is a wavenumber only in the upstream flow.
In the vicinity of the cylinder, £, would correspond to a wavenumber if it were non-
dimensionalized with the local mean velocity.

10-2
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F1cURE 4. Angle f between line of stagnation and line of separation as a function of u{,/U,,.
@®.a/L, = 04-06; A,a/L, = 0-5-1-0; M, a/L, = 1-2-2:0.

4. Flow visualization and mean velocity measurements

Flow-visualization studies, using paraffin and titanium dioxide powder, were made
to determine the influence of the incident turbulence on separation from the largest
cylinder.

The results, presented in figure 4, indicate that separation was delayed as the
intensity of turbulence was increased. At the extreme value of turbulence intensity
(0-21), the cylinder was 0-381 m behind the 0-114 m grid. The flow must have been
non-uniform with a probable ratio of maximum to minimum velocity of about 1-5
(Vickery 1966). Whether the dramatic delay of separation is a result of the high
turbulence intensity or the non-uniform flow is uncertain. However, from the data
of Bearman (1968) for the effect of free-stream turbulence on the critical Reynolds
number, the effective critical Reynolds number would be far smaller than the cylinder
Reynolds number of 2-7 x 10% in the present experiments. Though the mean velocity
is non-uniform the separation line was straight except close to the ends of the cylinder.

The three angles of separation for «}/U, = 0-001 were 77-4, 74-5 and 74-1° with
the cylinder at three different positions downstream from the end of the contraction
(0-38, 1-02 and 1-78 m), which suggests that the position of separation is weakly
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—
rja
0
FiaUure 5. Mean velocity U, parallel to the streamlines on § = 47 and 6 = 7. ——, theoretical
result based on the model of Parkinson & Jandali (1970); ——, potential flow with no separation.
®.0 a A u 4 o
M (cm) 11-3 5-0 2-5 No grid
/Ui 0-082 0-051 0-025 No grid
L, (cm) 6-0 3-2 1-5 No grid
a (cm) 0-64, 208 206 2:06 0-32 0-64 2:06

influenced by the thickness of the wall boundary layers. The magnitudes of the mean
velocity U, along the stagnation line (6 = ) and the cylinder centre-line (6 = }) are
plotted in figure 5 for the full range of turbulence intensities covered in these experi-
ments (0-001-69,).

The influence of the probe and probe support system on the flow around the cylin-
ders was examined for the 0-0508 m grid at #,/M = 20. The introduction of the probe
along 6 = 7 and 6 = }r did not produce a change in the position of separation near
the probe greater than the estimated experimental error of +1-5°, nor was there
evidence of significant asymmetry in the line of separation except that for § = 4w
and r/a < 1-4 there was a delay in separation of a few degrees near the probe support.
The separation line near the probe sensing element was less influenced. Separation
from the 3-18 x 10~3 m radius cylinder at x,/M = 15-6 with the 0-114 m grid was
delayed by ~ 5° for § = 7 and r/a < 2:0. On 6 = }7 separation was delayed by
~ 10° for r/a = 1-2 and less than 5° for r/a > 1-4.

The velocity variation along the stagnation line is similar to that predicted by
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FIGURE 6(a). For legend see next page.

potential flow theory with no separation, particularly for the larger turbulence inten-
sity. Along the line & = 17 the increase in mean velocity is substantially less than that
predicted by a potential flow solution without separation. The results for the larger
cylinder are, however, in general agreement with the wake source model of Parkinson
& Jandali (1970); the mean velocity determined from their model for a negative base-
pressure coefficient of 1-15 (typical for the present experiment) and a separation angle
of # = 80° is given in figure 5 for comparison. A (somewhat arbitrary) correction for
blockage has been included by forcing the data to agree at r/a = 5-0. The discrepancies
in the measurements of U,(r/a) along 6 = 7 and along 6 = }mr are less than + 5%, of
U.,. Their trends are consistent with the observation of turbulence delaying separation
and their magnitude is consistent with the observed variation of 5 %, of the separation
angle. The direct effect of turbulent Reynolds stresses on U, is negligible [H, equation
(2.17)]. Another example of a highly strained turbulent flow where the turbulence
does not affect the mean flow is the impinging jet (Miyazaki & Sparrow 1976). From the
flow-visualization experiments and the mean velocity measurements, it may be
concluded that the mean velocity field for 6 > } is not significantly altered by free-
stream turbulence, or by the presence of the probe and probe support system.

5. Turbulence measurements
5.1. Behaviour of the longitudinal velocity fluctuations u, on the stagnation line

The ratio u; /u},, of the local to the upstream r.m.s. value of the u, velocity fluctuations
on the stagnation line is plotted in figure 6 (a) and (b) as a function of r/a and a/L_.
The upstream value is taken at r/a = 5-0. The results have been corrected to allow
for the dissipation of turbulence in the absence of the cylinder,t as in the turbulence
distortion experiments of Tucker & Reynolds (1968). This correction to the ratio of
intensities was a maximum of 1, 1, 3, 5 and 49, for a/L_ = 0-05, 0-11, 0-35, 0-64 and
1-42, respectively.

t Corrected values: ;i(r) = z;f—(r)l,m,‘,,m+uf—ao lrtams — T.o(r), where Jf: is the turbulence in the
absence of the cylinder.
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Ficure 6. Ratio of the local to the upstream value of the r.m.s. longitudinal velocity fluctuations
on the stagnation line (f = 7) as a function of r/a and a/L,. The effective values of r/a for a
flat plate (Bearman 1972; [r) and a rectangular block (Todd & Walker: [, Q) are chosen such
that U,/U,, is the same as for a circular cylinder.
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FIGURE 7. Variation of the spectrum of longitudinal velocity fluctuations on the stagnation
line for a/L, = 0-11, 0-35, 0-64, 1-42. The solid lines are equation (3.3).
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Figure 6 (a) includes the limiting curves for turbulence of very large scale (assuming
the mean velocity to be given by potential flow with no separation), a/L, - 0,
and for turbulence of very small scale, a/L, — oo, as given in H. The ratio u,/u;,
increases monotonically as a/L, increases between the two limiting curves as the
numerical computation of H indicated should occur. The data in figure 6(a) are
cross-plotted in figure 6(b) to show, specifically, the dependence of the turbulence
distortion on the parameter a/L,, the points for a/L, — 0 and a/L, - o being taken
from the limiting curves in figure 6 (a). For a/L, ~ 0-4 the effects of blocking (in this
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Fieure 8. Variation of the low frequency components of the u; spectrum on the stagnation
line compared with the theoretical forms when a/L,—> 0 (Ry; = (U0,/0 )%, a/L, > o
(Bgr = (Uy/U,5)"%) and a/L, = 5 (see text).

case reducing) and vorticity distortion (in this case amplifying) apparently cancel
for the range of r/a from 1-2 to 2-0. Unpublished experimental results of Petty (given
by Hunt 1971) for turbulence around a circular cylinder agree with these results.
Distortion of turbulence in a flow normal to a flat plate or a rectangular block can be
compared with these results at the same value of U,/U,. Such results obtained by
Bearman (1972) and Todd & Walker (given by Hunt 1976) are shown in figure 6 (b).
From H it can be shown that as a/L, - 0, given r/a = O(1), u; can be expanded

as an asymptotic series:
% 2
a r a
a/Le=0 (Lz) h (a) L, G-

72 1\ 2
WY\ _ ("
e =\
U100 U1

where f, is O(1) (see appendix). To test this prediction

In {(ui/uiw)z - (ui/uiw)2|a1Lz=0}

is plotted as a function of In (¢/L,) in figure 6(c).

The spectra ¢,,(%;) of the u, velocity fluctuations are presented in figure 7 for the
same range of a/L, and r/a. At low frequencies the ratio Ry (%;) = $1,(%,)/Puwoni(Ry)
of the spectrum to its upstream value is reduced at low values of a/L_ (by a factor of
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Fi1GURE 9. Variation of the high frequency components of the u; spectrum on the stagnation
line compared with the theoretical form (which is proportional to (l_],/l—]lw)‘i as £ 0).
(a/L., Ry, k1) O, (0-35, 2:80, 0-98); @, (0-35, 5-04, 1-23); ], (0-64, 2-30, 1-47); W, (0-64, 551,
3-53); A, (1-42, 0-68, 0:96); A, (1-42, 2-14, 3-14).

0-2 at r/a = 1-2, a/L, = 0-11) and amplified as a/L, increases (by 1-5 at r/a = 1-2,
a/L, = 1-42). At high frequencies the spectra are amplified for all values of a/L;
the larger a/L, the larger the range of K, over which amplification occurs.

To compare these results with the specific predictions of H, Ry, is plotted as a
function of £ =r/a—1 for K, > 0 and K, > 1 in figures 8 and 9. When &, — 0 for
large-scale turbulence (a/L, < 1), the theory [H, equation (6.12)] suggests that

Ry = (0,/U,)% (5.2)

which is the curve plotted in figure 8. But when ¥, - 0 for small-scale turbulence
(a/L, > 1), the spectrum is amplified by an amount that depends on the distance
from the cylinder £a and the ratio £a/L, of this distance to the integral scale. When

(a/Lz)g > 1’ R¢1 = (ﬁl/ﬁlw)~2' (53)

When (a/L,) ¢ is O(1) and £ < 1 the effect of the blocking of the cylinder surface (or
the image vorticity within the cylinder) is accounted for by a local function G(af/L,):

Ry = (01/U,) 2 Gak/Ly),
where G — 1 when a£/L, > 1 and G ~ 0-618£% when af/L, < 1. The function

G(ag/L,)

can be obtained from equations (6.36) and (6.47) in H (see also figure 13 in H) for the
case where a/L, > 1 (in which case G varies only where { < 1). In figure 8, R (§) is
plotted for a/L, — oo and for typical large, but finite, values of a/L,. Our largest
value of a/L, is not large enough for R, to be estimated by the asymptotic theory.
Recently Gutmark et al. (1978) successfully compared the above theory with measure-
ments of B,,(x; = 0) in a two-dimensional jet impinging on a plate.

At frequencies sufficiently high that ,a/L, > 1, the asymptotic theory suggests
that Ry, is a function only of /a for all a/L,. This curve is compared with the experi-
mental points in figure 9. When r/a — 1 the theoretical asymptotic limit is

Ry, = 0-86U 7%

50 the amplification is much lower than when &, — 0.



The distortion of turbulence by a circular cylinder 283

5.2. The effects of wake-induced velocity fluctuations

The subject of the present study is the variation of «{? as a result of the flow around
a circular cylinder. With the neglect of nonlinear turbulent interactions (including
any nonlinear interaction between the rotational «{? and the irrotational u{"), the
variation of u{? is completely determined by the mean velocity field and the proximity
of rigid boundaries. It has been shown that the mean velocity field is not significantly
altered by free-stream turbulence, nor by the presence of the probe and probe support
system.

In contrast, the wake-induced velocity fluctuations (in particular the vortex-
shedding ‘spike’) were strongly influenced by free-stream turbulence (as expected
from the results of Gerrard 1965), the thickness of the tunnel wall boundary layers,
the Reynolds number, the position of the probe and probe support systems, the tunnel
blockage and probably the aspect ratios of the cylinders. These effects are of interest
in the present work only in their contamination of u{®.

Since u{"' /U, is small (typically less than 0-05 for 6 > }7 and r/a > 1-1), it is
reasonable to assume that u{T’ and u{® are statistically independent, in which case

? = u(1)2+u(w)2 (5.4a)

In the limit of very weak (< 19%,) upstream turbulence «{*? is unaffected by the up-
stream turbulence, so that as u}, /U, — 0

u? = Dt 4 {002, (5.4b)

where {9 is the velocity induced by the wake turbulence in the absence of upstream
turbulence. Equation (5.4b) is sometimes used as an approximation for ﬁndingWT)2
even when it is not strictly valid. The assumption (5.4 a) was used in the theory of H.
It implies, for example, that W = 0, but does not exclude u{*’ and the spectrum
¢ of u{™, being functions of u}, /U, and a/L,, in which case (5.4b) cannot be used
to se}_:).etrate7[%1_')2 and u{®2. One possibility that was investigated was the use of both
the independence of the spectra ¢& and ¢%, which implies that

B = 9B +49, (5.5)

and the hypothesis that the major component of ¢} is due to vortex shedding. The
wake spectrum ¢@ is certainly affected by the upstream turbulence both in the
amplitude and in the width of the ‘spike’ due to vortex shedding. Inspection of the
¢.; spectra suggests that one could obtain an estimate of ¢‘% by interpolating between
values of ¢;; either side of the vortex-shedding ‘spike’, and hence obtain u{T®2 by
integration. Unfortunately, the spectral resolution was not always sufficient for this
procedure to be reliable.

On the stagnation line, in the absence of free-stream turbulence, both «, and the
axial velocity fluctuations u, are small (u{%4%/U,,, < 0-003) and negligible in compari-
son with the grid-generated turbulence used in the present experiments. It is expected
that «{® would be small everywhere forward of separation, its magnitude falling off
as the inverse fourth power of the distance from the wake (see §6.2). On 8 = 7, uf®”
is negligible for all a/L, other than 1-42 (the free-stream turbulence was considerably
less for this value than for the others). For the u, and u, components on § = }7 there
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FicUure 10. Ratio of the local to the upstream value of the r.m.s. streamwise velocity fluctuations
on the line § = {7 (a) as a function of »/a and a/L, and (b) from the integrated spectra ignoring

the vortex-shedding peak.
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was serious contamination of u{T”’ by wake-induced fluctuations. The value of u{T" on
0 = }m has been estimated by integrating the spectra ignoring the vortex-shedding
spike. This procedure was not adequate for estimating u{T” on & = {7 and the measure-
ments of u, (figure 15) are presented for completeness only (though the data for
a/L, = 0-11 and a/L, = 1-88 with a splitter plate are little influenced by u{*’). Never-
theless, even under the worst conditions, the spectral results can be used to isolate



The distortion of turbulence by a circular cylinder 285

1

10° r

>
oS

(@)

e
Ao = "W

4
L
A
L]
v

107!

107!

1072

10° ‘ 10!
F1GURE 11 (a). For legend see next page.

frequency bands in which ¢;; was principally ¢@®; for example, at all frequencies
above the vortex-shedding frequency ¢% < ¢@%. In addition, provided that

upY Juf’ < 1

there is often a band of frequencies below the vortex-shedding frequency for which
P < ¢, In this frequency band ¢,; may be treated as ¢‘%. Another possible method
of distinguishing between »{™ and u{*) is to attach a splitter plate to the cylinder (on
6 = 0), and thus eliminate the vortex shedding, which gives the largest contribution
to u{®. The experiments, however, indicated that, although the vortex-shedding
‘spike’ was significantly attenuated by the inclusion of a splitter plate, the low fre-
quency content of the vortex-shedding signal was enhanced, and the net effect of the
splitter plate was a reduction in intensity by a factor of less than 2.

There is, however, a serious objection to the use of a splitter plate in the present
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Ficure 11. (a) Variation of the spectrum of the longitudineal velocity fluctuations on ¢ = i
for a/L, = 1-88, 0-35 and 0-11. —-—, spectra taken at r/a = 1-6 when there is no upstream
turbulence. ¥V, r/a = 4-0; B, r/a = 1-6; @, r/a = 1-2. (b) Variation of the high and low
frequency components of the u, spectrum on 8 = }m. (a/L,, Ry, &k;): O, (0-11, 0-14, 0-015);
J, (0-35, 9-60, 3-36); @, (0-64, 10-32, 6-60); W, (1-88, 4-89, 9-19); ———, theoretical form for
a/L, >0, ky > 0.

experiments. In the limit a/L, — 0 the cylinder is located in a velocity field whose
direction and magnitude are varying slowly with time. The distortion of this turbulent
velocity field, and in particular the lateral velocity fluctuations, must be strongly
influenced by a splitter plate behind the cylinder. Results obtained when a splitter
plate was fixed to the cylinder were markedly different to those obtained without a
splitter plate, except for the smallest scales of turbulence; see §5.4.

5.3. Behaviour of streamuwise velocity fluctuations on 0 = }n

Along the centre-line of the cylinder (¢ = 47), the mean flow direction varies between
about 10 and 0° to the x axis as r/a increases. The measurements of r.m.s. turbulent
velocity fluctuations u; parallel to the mean flow are plotted in figure 10(a) as the
ratio to u;,, and as a function of 7 /a. A significant part of the velocity fluctuations is
contributed by the wake component «{.

The spectra ¢,,(k,) of %, on @ = }m are presented in figure 11(a). For the largest
scale of turbulence, a/L, = 0-11, the spectrum is systematically amplified at low
wavenumbers. This amplification is compared in figure 11 (b) with that predicted by
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Fieure 12. Ratio of the local to the upstream value of the r.m.s. lateral velocity fluctuations
u#, on the stagnation line 6§ = 7 as a function of r/a and a/L,. Results with a splitter plate
attached, for a/L, = 1-42, are included.
O ® | A A
a/L, 0-11 0-35 0-64 1-42 1-42 + gplitter plate

a quasi-steady analysis, i.e. spectral energy density proportional to U2%. For &, > 1
there is little amplification. When &; > 10 there is small attenuation of spectral
energy as the cylinder is approached. For a/L, = 0-35 and 0-64 there is also amplifi-
cation at low wavenumbers. However, at higher wavenumbers there is significant
attenuation of the spectra as the cylinder surface is approached. For the smaller
scales (a/L, = 1-88) there is attenuation of the spectra at all wavenumbers, other
than those which might be influenced by vortex shedding, i.e. for ¥; > 0-8. Careful
inspection of all the spectra for a/L, = 0-35, 0-64 and 1-88 shows that for a range of
wavenumbers the spectra are first attenuated as the cylinder is approached but are
then amplified close to the cylinder (or, more correctly, close to the separation stream-
line). This range of wavenumbers scales on the cylinder radius.

It is interesting that for all values of a/L, and r/a the vortex-shedding peak is
altered by the incident turbulence in that it is at a slightly lower frequency, is broader
and is of greater amplitude. It was found that the strength of vortex shedding (area
of shedding peak) was strongly influenced by the interaction of the flow around the
cylinder with the growing boundary layer on the tunnel walls. With very low intensity
incident turbulence (no grid), it was observed that the strength of the vortex shedding
was increased by increasing the ratio of the cylinder diameter to tunnel boundary-
layer thickness. While this was not unexpected, somewhat more surprising was the
observation that the introduction of free-stream turbulence apparently disrupted the
interaction at the ends of the cylinder and resulted in an increase in the strength of
vortex shedding. Thus some of the increase in the strength of vortex shedding in
figure 11(a) is a result of the modified end flow. However, even with the use of end
plates to isolate the tunnel boundary layers a significant increase in the strength of
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vortex shedding was observed, for all /a and all a/L,, with the introduction of free-
stream turbulence. These observations are in qualitative agreement with those of
Gerrard (1965).

The spectra in figure 11 (a) have been integrated (with the vortex-shedding peak
removed) to give estimates of u{T"" and these are presented in figure 10(b).

5.4. Behaviour of the lateral velocity fluctuations on 6 = m

The variation of the r.m.s. value u; of the lateral component of velocity fluctuations
on the stagnation line, @ = 7, isshown in figure 12. A dissipation correction was applied
(see §5.1). The results lie within the two asymptotic limits, those for a/L, = 0-11
showing the expected amplification and those for a/L, = 0-35 and 0-64 being atten-
uated. The result for a/L, = 1-42 is dominated by vortex shedding.

The spectra in figure 13 show that at low frequencies and large scales (a/L, < 0-4)
the ratio Ry, = @pp(K,)/Puee(K,) is amplified near the cylinder, but that for smaller
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F1oure 13. Variation of the spectrum of the lateral velocity fluctuations u, on the stagnation
line @ = 7 for (a) a/L, = 0-11 and 0-35 and (b) a/L, = 0-64 and 1-42. The influence of a splitter
plate is shown by the dashed line. V, r/a = 4:0; A, r/a = 2:0; B, r/a = 1-6; @, r/a = 1-2.

scales (a/L, > 0-6) Ry, first slightly decreases and then increases close to the surface.
To demonstrate the first of these effects Ry, is plotted as a function of £ = r/a—1 for
k; < land a/L, < 1 in figure 14, and compared with the theoretical prediction (H, or
equation (6.12) or figure 9).

Figure 13 also shows that at high frequencies, for all values of a/L,, R, decreases
near the cylinder. Ry, is plotted in figure 14 as a function of £ for R,a/L, ~ 35, and
compared with the theoretical prediction computed from H, equations (6.30) and
(6.31), which is valid only when (8,a/L,)£ > t and k;a/L, > 1.

The behaviour of $y,(%;) on the stagnation line also illustrates the effect of a splitter
plate. This effectively reduces or removes the vortex-shedding peak and also produces
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Fiecuae 14. Variation of the high and low frequency components of the spectrum of the lateral
velocity fluctuations u, on the stagnation line 6 = 7 compared with theory when x; > 1 and
ki(r/fa—1) > 1 (solid curve) and when a/L, < 1 and «; € 1 (dashed curve). (a/L,, R,, k,): O,
(0-11, 0-3, 0-03); @, (0-35, 9:60, 3-4); [J, (0-64, 565, 3-6); W, (1-42, 2-47, 3-5).
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Ficure 15. Ratio of the local to the upstream values of the r.m.s. lateral velocity fluctuations
on 6 = }masafunction of r/a and a/L . Results with a splitter plate are included fora/L, = 1-88.
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a significant change in the spectrum at frequencies less than the vortex-shedding
frequency. The change in the spectrum at low frequencies is unlikely to be due solely
to a change in @& as @¢&? is less than F;¢,, with free-stream turbulence (for
a/L, = 0-35).

5.5. Behaviour of the lateral velocity fluctuations uy, on 6 = 3w

Measurements on the centre-line of the cylinder (0 = }m) of the ratio u;/u;., of the
lateral velocity fluctuations to their upstream value are plotted as a function of
r/a and a/L, in figure 15. The trend of u;/u;,, with a/L, roughly follows the theory,
but the values of u,/u,,, are not contained within the asymptotic limits.

The spectra in figure 16 confirm that the cause of the anomalous amplification is
the vortex shedding. The amplification of the spectra Ry, is plotted in figure 17,
with the theoretical predictions. For the largest scale (a/L, = 0-11), at low frequency
the reduction in Ry, is 0-85 at /a = 1-8 whereas for the small scale (a/L, = 0-64) the
amplification at 7/a = 1-8 is about 2-0. At high frequencies, a smaller amplification
is observed (Ry, = 1-5at r/a = 1-2and a/L, = 1-88).



The distortion of turbulence by a circular cylinder 293

3Joo

'

uyfu

a/L#=0

05k

Fioure 18. Ratio of the local to the upstream values of the r.m.s. axial velocity fluctuations u,
on the stagnation line # = 7 as a function of /a and a/L,. Symbols as in figure 15.

5.6. Behaviour of the axial velocity fluctuations ug on 0 = 7

The ratio of the r.m.s. axial fluctuations u; to the upstream value is plotted in figure 18.
There is little amplification or reduction except for the smallest scale of turbulence
(a/L, = 1-42).

This weak change in u; is in contradiction to the strong influence of two-dimen-
sional bluff-body distortion on u; found by Bearman (1972). Bearman’s measurements,
over a very limited range of the ratio of body size to L, indicated a variation of u;
which approached the theoretical limits for a/L, - 0 and a/L, - co. The experiments
of Thomas & Hancock (1977) on grid turbulence near a moving wall suggested, as
does the present experiment, that u; (in their experiment the component parallel to
the wall and perpendicular to the mean flow) is not as well predicted as the other two
components. The spectra are plotted in figure 19. As with the %, component, the low
frequency components are reduced when a/L, is small, but are amplified when a/L,
increases. For 5 > k; 2 1 the spectrum at a/L, = 1-42 is amplified, but for even
higher frequencies the spectrum decreases as the cylinder is approached.

5.7. Probability measurements

On the stagnation line the flatness factor F = u#/u}* was measured. Surprisingly it
was found that, as r /a decreased from 4-0 to 1-2, F increased from its usual grid-turbu-
lence, and approximately Gaussian, value of 2-9 to about 3-4 for all values of /L,
A likely mechanism for this change in the probability density can be seen by con-
sidering the time dependence of the amplification (or reduction) of the velocity u,(t).
The distortion produced by the cylinder increases w, but leaves w; unchanged. It
would therefore be expected that the amplification of u,(!) would depend on the
orientation of w(t), and would be greatest when w,/|w| is close to unity. Similarly, the
reduction of u,(¢) caused by the blocking effect of the cylinder would also be expected
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Frcure 19. Variation of the spectrum of the axial velocity fluctuations u,
on the stagnation line § = 7. Symbols as in figure 16.

to depend on the orientation of w(t). In the absence of the cylinder, u,(t) would be
approximately normally distributed, so that the observed probability density of u,(t)
can be considered as a result of the application of a time-dependent amplification
(or reduction) to a normally distributed velocity. It can be shown that, with a few
weak constraints on the correlation between the orientation of w(f) and the magnitude
of u,(¢), the resulting probability density has an increased flatness factor.
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6. Discussion
6.1. Physical interpretation of the turbulence distortion

The salient feature of the experimental investigation of upstream turbulence imping-
ing on a circular cylinder is that the three components of turbulence are amplified
or diminished quite differently, sometimes in opposite directions, as either the relative
scale of turbulence a/L, or the position around the cylinder is changed. Broadly,
these amplifications or diminutions can be explained qualitatively in terms of the
distortion of the turbulent vorticity (either stretching, rotation or ‘piling-up’) by
the mean flow, and in terms of the ‘blocking’ or the ‘source’ effect by the surface of
the cylinder.

For example, on the stagnation line w; is amplified by the diverging mean stream-
lines, ] is reduced in proportion to U,, and w} remains constant. Therefore for small
scales (a/L, > 1, or k > 1), when the source effect is small [(a/L,) £ > 1], u] increases,
u, decreases and ug increases (by less than u;). Close to the surface, where both vorticity
distortion and the source effect are significant, the amplification of u; decreases, u,
increases and u; continues to increase. For large scales, when a/L, < 1 (or k < 1) the
source effect dominates, the turbulence is blocked by the cylinder, and consequently
u; decreases, u; increases and u; does not change. These trends are clearly borne out
by figures 6, 12 and 18.

The qualitative arguments can also explain the trends in the spectra; see figures 7,
11 and 19. But it can be seen that when a/L_ > 1, the amplification or reduction due
to the vorticity distortion effect is sensitive to the frequency x;. When x; € 1 the
changes are caused by the stretching or reduction of the vortex lines, but when
ky > 1, the vortex lines ‘pile up’ at the stagnation point as well as being stretched.
The piling-up reduces any amplification that may occur (see H, p. 672).

On the centre-line (6 = }7), w] is greatly amplified by the rotation and stretching
of the upstream w, vortex lines, w, is reduced and w; is not changed. Therefore for
small scales (when a/L, > 1l or k > 1, and (a/L,) £ > 1 or k£ > 1) u; and u; increase
and u; decreases slightly. Close to the surface (but outside the boundary layer), the
amplification of u; decreases, and u; and w; increase. For large scales ] increases, u,
decreases and u; does not change. These are the predicted effects and, taking into
account the additional velocity fluctuations «{*) caused by the wake, these trends are
consistent with the measurements shown in figures 10(a), (b), 11, 15 and 16.

These physical arguments can be and have been used in other flows where turbulence
is distorted and impinges on a surface (Bearman 1972; Bradshaw & Wong 1972;
Graham 1976).

6.2. Interaction of the upstream and the wake turbulence

The measurements of u, and of 4, on 0 = }m show that, with turbulence intensities
%}s/Us of about 0-05, the wake-induced velocity fluctuations u{*» are comparable
with those originating in the upstream turbulence, u{?. The results do not enable a
clear distinction to be made between these two fluctuations. The problem is analysed
in §5.2 and the measurements discussed in §§5.3-5.5. The following conclusions may
be made.

(i) The spectrum of »{*) may be broadened and amplified by the upstream turbu-
lence; the frequency of the peak may be changed. A small change in end conditions
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on the cylinder can have a large effect. »{* and the spectral peak of u{* decrease
slowly with » (on § = }7), owing to the coherence of the eddies in the z, direction. In
fact it was observed that 4{® oc |r —a|~1, in agreement with the theoretical variation
of the induced velocity outside a Kdrm4n vortex street. This is a much slower decay
than the 7—4 variation found outside a shear layer with less coherent vortices, e.g. a
boundary layer (see Phillips 1955).

(ii) Since w{®" /ﬁw < 1 at least for r/a > 1-2and 77 > 6 > in, it seems likely that
u{?ufD = 0 for any two components of u{* and u{T. But u{®’ definitely varies with
Ui/ U

(iii) A splitter plate reduces the intensity of vortex shedding, but does not appre-
ciably reduce u{®)’ near the cylinder or wake surface.

(iv) u{D and u{® can only really be distinguished by a more elaborate set of cross-
correlation measurements with time delay 7 between u,(f) at a point near the wake,
say on 8 = 47, and u.,; upstream at time ¢ — 7, where 7 is the mean travel time between
the points. This has yet to be done.

6.3. Comparison with theory

By plotting the amplification of the r.m.s. components of turbulence as functions of
a/L,, as in figure 6 (b), one can obtain an approximate extrapolation of the results to
the limits a/L, — 0 and a/L, — oo, where the asymptotic theory of H is applicable.
It appears that, as a/L, — 0, uj/u;,, tends to the quasi-steady limit, as expected
from the theory. But when a/L, > 1, the data for the limited range of a/L, (< 1-4)
suggest that only when r—a > L (e.g. at r/a = 2-0) does the observed amplification
tend to the limit a/L, — co, which was only to be expected, since this is the condition
for the validity of the limit. However, when r—a <€ L, or (r/a—1)a/L, < 1, such as
at r/a = 1-2, u3 /u;,, should tend to the asymptotic form for a/L, > 1 when

(r/a—1)a/L,— 0.

Only when «; = 0 and «; > 1 have the spectra been computed in this limit, but these

indicate that on § = o
Uy /U7 OC (a/Lz)5 (r/fa— 1)-%,

Therefore a slow increase with a/L, is expected until (a/L;) > (r/a— 1)1

Figure 6(c) shows that as a/L, — oo the difference between w2 and its asymptotic
limit is proportional to (a/L,)} as predicted by the theory (see (5.1) and the appendix).
On a flat plate parallel to the flow in free-stream turbulence the difference between
the variance of the normal component of velocity at a point y above the surface and
its asymptotic value as y/L, -> 0 also varies as (y/L,)}. In that case the difference is
due simply to the reduced surface effect as the scale of turbulence decreases, but in
the case of the circular cylinder it is also due to the increase in the effect of vorticity
distortion as L, decreases. The presence of the % exponent is a consequence of the
Kolmogorov form of the high wavenumber part of the spectrum.

The expansion (5.1) suggests that uj/uj, = 1 on 6 = 7 at any point r at a value
(a/L,), of a/L, satisfying

(@/L)} ~ fi (2) [1 - (?21(:))2 (6.1)

a/L.=0] .
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The experimental results of figure 6 (b) indicate that (a/L,), ~ 0-4 and does not vary
significantly over the range 3 > »/a > 1-2. This implies, from (6.1) and the form of
U3 /%o a1 ,—0» that

filr/a) = (a/L,)}[1 -U%/U2] = (a/L,)7¥[2(r/a) 2~ (r/a)-4]. (6.2)

If (6.2) is substituted into (5.1), the value of u]/u,,, on the stagnation line is predicted
to within 59, for a/L, < 0-35 and to within 109, for a/L, < 1-42. This may be a
useful semi-empirical result.

The amplification of the r.m.s. values of u, on 6 = 7 and 6 = } are compared with
the theoretical asymptotic limits as a/L, - 0 and a/L, - co. Comparing figure 12
with figure 6(a), we see that, when a/L, = 0-11, uj/uy, is closer to the asymptotic
limit as a/L, — 0 than u;/u;,. One possible explanation is that, since the streamwise
scale of the lateral fluctuations (L,,) is only one-third of that of the streamwise fluc-
tuations (L), the vorticity distortion effect is relatively stronger for the u, component.

At 0 = }m (figure 15), the value of u;/u,, when a/L, = 0-11 is also further from
the large-scale limit. But this may also be due to wake-induced fluctuations.

The comparison between the measured and theoretical ratios Ry and Ry, of the
local to the upstream velocity spectra for the low and high frequency limits and for
large and small scales of turbulence are shown in figures 8, 9, 11(b), 14 and 17. Since
the theoretical difference between Ry;(x; - 0) and the asymptotic limit for Ry, as
a/L,— 0 and k, - 0 is proportional to (a/L,)* (appendix), the differences for
a/L, = 0-11 and 0-35 should be about 3 and 20 9, if the theory is correct and applicable.
The results for ¢,, (figures 8 and 11b) are consistent with this estimate, but those for
@2, are not (figures 14 and 17). The presence of vortex shedding does not explain the
low value of ¢,, observed on the stagnation line (figure 14), though it may explain
Ry, in figure 17 for large and small scales. When x;, - 0 and a/L, > 1, the asymptotic
form for E,; depends on (r/a—1)a/L,. It can be seen in figure 8 that, even when
a/L, = 5, By approaches the asymptotic form for a/L, > 1 and (r/a—1)a/L, > 1
only when r/a = 1-8. Consequently when a/L, = 1-42, one would not expect the
results to approach this limit.

At high frequencies, the effects of vortex shedding and the presence of the surface
of the cylinder become negligible compared with vorticity distortion. The theory then
predicts that E,; becomes a function of r/a—1 only. Figure 9 shows that on the
stagnation line Ry, agrees with the theoretical amplification to within the experimental
accuracy. R, agrees with the theoretical form (which is proportional to (T, U )t
when r/a~1 - 0) for r/a > 1-5 and «, = 3-5 (figure 14). This was to be expected,
since the theory is valid only when (r/a— 1)k, > 1; for smaller values of r/a—1 the
surface blocking effect amplifies Ry,. The measured Ry, on 6 = §7 when «; > 1 agrees
reasonably well with the theory, given the fact that the measured spectra did not
have the —$§ form over a significant frequency range (figure 17).

The spectra ¢,; of the u, component in figure 19 explain the feeble amplification
of uy/u;, seen in figure 18. The theory indicates that, when a/L, - 0, Ry3 = 1, but
when a/L, > 1, R, increases. The measurements show that Ry(x, - 0) decreases
when a/L, < 1 and increases when a/L, > 1. The former effect is not predicted by
the theory and there is no obvious explanation.

Comparing the experimental results with the theory of H shows that the main
features of the turbulence distortion are described by the asymptotic theories for
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large-scale or small-scale turbulence. These theories give useful quantitative results
for the spectra when a/L, < 1 or a/L, > 1 and k, - 0, or when «; > 1. The quanti-
tative agreement is best for the streamwise turbulence component. The general theory
developed in H does not have to be applied in order to calculate the above limits.
These can be obtained from homogeneous rapid-distortion theory for a/L, > 1, at
least sufficiently far from the cylinder, or quasi-steady potential flow theory for
a/L, < 1. The computations of the general theory were necessary to show that these
asymptotic limits described the main features of the flow. The general theory is also
necessary for calculating «; within an integral scale of the surface even whena /L, > 1.

6.4. Decay of the turbulence

For the smallest scale of turbulence relative to the cylinder radius (a/L, = 1-42),
the ratio of the time taken for a fluid particle to travel along the stagnation line from
r/a = 4-0 to r/a = 1-2 to the Lagrangian or turnover time scale L /%’ was

(4a/U) (L /u') ~ 0-3.

The decay of the grid turbulence in this time is less than 109,. Therefore for the
energy-containing eddies, it would be expected that dissipation and nonlinear effects
are small compared with the effects of vorticity distortion and ‘blocking’ by the
surface (H, §§5.3 and 6.4). However, it was observed that at the highest frequencies
at which ¢,, was measured there was a sharp attenuation of the spectrum. This
occurred for K, > 15, 10 and 4 for a/L, = 0-35, 0-64 and 1-42 on the stagnation line.
A similar effect was observed by Sadeh et al. (1970), by Bearman (1972) and by Elliott
(1976).

An attenuation of the spectrum at high frequencies was predicted in H [equations
(6.52) and (5.52)] on the basis of a linear analysis. Unfortunately there was a mistake
in the derivation of the result from the order-of-magnitude estimates of the terms in
the vorticity equation. The correct criterion when «; > 1 is that, for viscous effects
to be much smaller than the vortex stretching,

|Re— 2w, [0a2] < |w, 08U,/ 0,
which implies that, since w, oc (2£)~'exp[ —(}x,) log,£],
£ <8, Ret where £=r/a—1. (6.3)

For the present experiment, this criterion will be violated at r/a = 1-2 if x, > 50.
1t seems, therefore, that viscous effects are not the direct cause of the observed decay.

The decay is more probably due to the nonlinear interaction, which, relative to the
vorticity distortion effects, increases as «; increases. Typically, on the stagnation line

u.Viw Ky £,
(@.V)U ~ 270, [a

With u,, /Uw = 0-05 at £ = 0-2 the nonlinear effects would be expected to become
appreciable for values of k, (= k,a/L,) of about 4, and would tend to dominate with
increasing «, until viscous effects become significant. In terms of the development of

(6.4)f

t In H (p. 661), (u.V)w was estimated as wjul/l; for high frequencies (6.4) is probably a
better estimate.
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¢11(x,) with increasing z, (decreasing £) the implication is that, for this range of «;,,
the rate at which ¢,,(«,) can be changed by nonlinear effects exceeds the rate at which
it is being changed by the distortion. Consequently the value of d¢,,(x,)/éx, would
change when «,; exceeded the value indicated by 6.4, and this would in turn alter the
slope of the spectrum at this frequency. The estimated value of «, is in reasonable
agreement with the measurements presented in figure 7.

These results, and those obtained by Elliott (1976) for the spectrum of wake turbu-
lence subjected to a plane strain, are consistent with the notion that a straining
distortion can tnhbit the mechanism of inertial transfer to higher wavenumbers.
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Appendix. Expansion of 2 and ¢,, («, = 0) as asymptotic series when a/L, >0}

It is shown in equation (6.10) of H that, given isotropic upstream turbulence with a
von Kirmén spectrum, the normalized one-dimensional spectrum ¢,, at a point x of,
say, the u, component can be expressed in terms of the tensor M,,(x, x) which connects
the Fourier transform, at wavenumber «, of the turbulent velocity components near
the cylinder to those upstream:

— — ® ® 03 Mln(K: X) M:’lkm(xi X) (k28nm—* KnKm) dK2 dKS
Pulk, = 0,Xx) = f_mf_w [g2(@/L, )2 + k2% . AL
Here
¢y = (55/36m) 0-1955(a/L,)} = g (a/L,)}, g, = 0-558,

and k = |k|. In the limit « — 0, M;, was shown to have a power-series expansion of

the form
M, (k,x) = MO +ic, ME ;+ k6 In |kg| MD o+ 6,6, ME 1 +..., (A2)

where M), M1, etc., are functions of x.

By computation and asymptotic analysis it was shown in H that M, is bounded at
a given x for all values of « satisfying 0 < |k| < co0. Typically |M,,| is less than 10
except very close (less than 0-1 radii) to the body.

If (k,, k;) are expressed as (k cos ¢, ksin @), then (A 1) can be rewritten as

© ron k3F(k, ¢)de dk
——— = § =
¢11(K1 07 X) ga(a/La:) fo fO {gz(a/L;,)2+k2]’e‘” (A 3)
where F(k,¢) = {My, M}, (k20 — KnK,n)/ K2} when «; =0. (A 4)

A
¥ The nomenclature is the same as in H except that $11 replaces ®;.
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It follows from the expansion (A 2) of M;, when x — 0 that we can express the first
integral in (A 4) as

f " Fdp = AO(x) + AF(E, ), (A 5)
0

where A®(x) is the limit as ¥ - 0 and
AF =2In|k| AP+ E2A®@+ ... as x>0, (A 6)

but AF = O(1) when £ is O(1).
Thus (A 4) becomes
$ra(ky = 0,%) = O(X) +9g5(a/L,) I(x),

(= RAF(E,x)dk
" Jo @/ E

In the limit a/L, — 0, asymptotic expansions can be used to find the form of I{z),
by using the properties of AF(k, x) stated in (A 6). We find that asa/L, - 0

where

I(x) (A7)

I(x) = IO(x)+ (a/L,)}In (a/L,) g, AP + O((a/L,)}), (A 8)
© AF(k, x)dk
()] — _
where 10(x) fo S ,

o = (53— Hg) = — 117,

To evaluate I'9(x), AF is required over the entire range of k. The computations in H
were not sufficiently extensive to provide this information, but they showed that AF
is O(1) when k is O(1). Consequently I and I(x) are O(1) when a/L, — 0. Thence we
conclude that

Pra(ky > 0,X) = {P(k; > 0,x) + 0((“/Lz)§)-

Alternatively, if ¢, is normalized on L, as in (3.3), then
$11(Ry — 0,%) = $P (R, > 0,%) +g5(a/L,)  IO(x) + O((a/ L,)*In (a/L,)). (A 9)
A similar analysis also based on the properties of M,, shows that
u? = u¥(a/L,— 0,x)+0((a/L,)}), (A 10)
the next-order term being O((a/L,)In (a/L,)).
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